Let G n be a graph obtained by the strong product of P 2 and C n , where n 3. In this paper, explicit expressions for the Kirchhoff index, multiplicative degree-Kirchhoff index and number of spanning trees of G n are determined, respectively. It is surprising to find that the Kirchhoff (resp. multiplicative degree-Kirchhoff) index of G n is almost one-sixth of its Wiener (resp. Gutman) index. Moreover, let G r n be the set of subgraphs obtained from G n by deleting any r vertical edges of G n , where 0 r n. Explicit formulas for the Kirchhoff index and the number of spanning trees for any graph G r n ∈ G r n are completely established, respectively. Finally, it is interesting to see that the Kirchhoff index of G r n is almost one-sixth of its Wiener index.
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Introduction
Let G be a simple connected graph with vertex set V (G) and edge set E(G). Then |V (G)| and |E(G)| are called the order and the size of G, respectively. For a simple graph G of order n, its adjacent matrix A(G) = (a ij ) n×n is a (0, Let d ij denote the distance between two vertices i and j in G. The Wiener index of G, introduced in [32] , is defined as W (G) = i<j d ij . Later, Gutman [11] gave a weighted version of the Wiener index which is defined as Gut(G) = i<j d i d j d ij and now known as Gutman index. If G is an n-vertex tree, Gutman [11] proved that Gut(G) = 4W (G) − (2n − 1)(n − 1).
In 2007, Chen and Zhang [5] proposed a weighted version of the Kirchhoff index, which is defined as Kf * (G) = i<j d i d j r ij . This index is now known as multiplicative degree-Kirchhoff index. Another weighted form of Kirchhoff index is the addictive degree-Kirchhoff index [10] . Multiplicative degree-Kirchhoff index is closely related to the spectrum of the normalized Laplacian matrix L(G). For a connected graph G of order n and size m, Chen and Zhang [5] showed that
are the eigenvalues of L(G). Some techniques to determine the Kirchhoff index and multiplicative degree-Kirchhoff index were given in [2, 3, 7, 8, 25] . Some other topics on the Kirchhoff index and the multiplicative degree-Kirchhoff index of a graph may be referred to [26, 30, 34, 36, 37] and references therein. In the last decades, many researchers are devoted to give closed formulas for the Kirchhoff index and the multiplicative degree-Kirchhoff index of graphs with special structures, such as cycles [17] , ladder graphs [9] , ladder-like chains [4, 21] , liner phenylenes [19, 29, 38] , linear polyomino chains [15, 33] , linear pentagonal chains [12, 31] , linear hexagonal chains [14, 20, 33] , linear octagonalquadrilateral networks [22] , linear crossed chains [27, 28] , and composite graphs [36] ,. Given two graphs G and H, the strong product of G and H, denoted by G H, is the graph with vertex set V (G) × V (H), where two distinct vertices (u 1 , v 1 ) and (u 2 , v 2 ) are adjacent whenever u 1 and u 2 are equal or adjacent in G, and v 1 and v 2 are equal or adjacent in H. Pan and Li [28] determined the Kirchhoff index, multiplicative degree-Kirchhoff index and number of spanning trees of graph P 2 P n .
Motivated by [28] , we consider the graph P 2 C n , where n 3. Let G n = P 2 C n , where the graph G n is depicted in Figure 1 . Obviously, |V (G n )| = 2n and |E(G n )| = 5n. Let E be the set of vertical edges of G n , where E = {ii : i = 1, 2, . . . , n}. Let G r n be the set of subgraphs obtained from G n by deleting r vertical edges of G n , where 0 r n. It is easy to obtain that G 0 n = {G n }. In this paper, explicit expressions for the Kirchhoff index, the multiplicative degree-Kirchhoff index and the number of spanning trees of G n are determined, respectively. It is nice to find that the Kirchhoff (resp. multiplicative degree-Kirchhoff) index of G n is almost one-sixth of its Wiener (resp. Gutman) index. Additionally, for any graph G r n ∈ G r n , its Kirchhoff index and number of spanning trees are completely determined, respectively. Moreover, the Kirchhoff index of G r n is shown to be almost one-sixth of its Wiener index.
Preliminaries
For convenience, let
where L ij (resp. L ij ) denotes the submatrix whose rows correspond to vertices in V i and columns correspond to vertices in V j . By the construction of G n , one can easily verify that
where
be the characteristic polynomial of a square matrix B, where I is an unit matrix with the same order as that of B. Similar to the decomposition theorem obtained in [13, 27] , we can obtain the decomposition theorem of G n as below. Here, we omit the proof.
is the number of spanning trees of G.
3 Resistance distance-based graph invariants and number of spanning trees of G n
In this section, we will determine the Kirchhoff index, multiplicative degree-Kirchhoff index and number of spanning trees of G n . The Laplacian matrix L(C n ) of C n is very important in this section. It was proved in [1] that the eigenvalues of L(C n ) are 4 sin 2 ( πi n ), where i = 1, 2, . . . , n. In the rest of this paper, let α i := 4 sin 2 ( πi n ). Then α n = 0 and α i > 0 for i = 1, 2, . . . , n − 1.
Kirchhoff index and number of spanning trees of G n
In this subsection, we will give the explicit formulas for the Kirchhoff index and number of spanning trees of G n . Moreover, we will prove that the Kirchhoff index of G n is almost one-sixth of its Wiener index. First, one can see that 
Note that L A = 2L(C n ) and L S is a diagonal matrix. By Lemma 2.1, 2α 1 , 2α 2 , . . . , 2α n , 6, 6, . . . , 6 are all the eigenvalues of L(G n ), i.e. 0, 2α 1 , 2α 2 , . . . , 2α n−1 , 6, 6, . . . , 6 are all the eigenvalues of L(G n ). Then we can get the following theorem.
Proof. (1) Note that |V (G n )| = 2n and Kf (C n ) = n 3 −n 12 (see [35] ). By Lemma 2.2, we have
(2) It follows from Lemma 2.4 that
We now calculate the value of W (G n ). If n is odd, for each vertex i in G n , we have
Then Table 1 : Kirchhoff index and number of spanning trees of graphs from 
If n is even, for each vertex i in G n , we have
Note that Kf (G n ) = n 3 +4n 2 −n 12
. Hence, we have lim n→∞ Kf (Gn)
Kirchhoff index and number of spanning trees of graphs from G 3 to G 11 are listed in Table 1 , respectively.
Multiplicative degree-Kirchhoff index of G n
In this subsection, we will determine the multiplicative degree-Kirchhoff index of G n and show that the multiplicative degree-Kirchhoff index of G n is almost one-sixth of its Gutman index. Note that are all the eigenvalues of L(G n ), i.e. 0, 5 are all the eigenvalues of L(G n ). Then we can get the following theorem.
Proof. (1) Since |E(G n )| = 5n and Kf (C n ) = n 3 −n 12 , by Lemma 2.3, we have
(2) It is easy to calculate that Gut(G n ) = 25W (G n ) since G n is regular. Note that Kf * (G n ) = Multiplicative degree-Kirchhoff index of graphs from G 3 to G 15 are listed in Table 2 .
4 Kirchhoff index and number of spanning trees of G r n
In this section, we will determine the Kirchhoff index and number of spanning trees for any graph G r n ∈ G r n . Moreover, we will show that the Kirchhoff index of G r n is nearly one-sixth of its Wiener index.
Similar to Lemma 2.1, we can obtain that the spectrum of L(G r n ) consists of the eigenvalues of both L A (G r n ) and L S (G r n ). Let d i be the degree of vertex i in G r n . Then
It is routine to check that
where t i = 0 if d i = 4 and Note that L A (G r n ) = 2L(C n ) and L S is a diagonal matrix. Then, 2α 1 , 2α 2 , . . . , 2α n , s 1 , s 2 , . . . , s n are all the eigenvalues of L(G r n ), i.e. 0, 2α 1 , 2α 2 , . . . , 2α n−1 , s 1 , s 2 , . . . , s n are all the eigenvalues of L(G r n ). Next, we can get the following theorem.
Theorem 4.1. For any graph G r n ∈ G r n with n 3, we have
Proof. For any graph G r n ∈ G r n with n ≥ 3, without loss of generality, assume that s 1 = s 2 = · · · = s r = 4 and s r+1 = s r+2 = · · · = s n = 6.
(1) Note that |V (G r n )| = 2n and Kf (C n ) = n 3 −n 12 . By Lemma 2.2, we have 
Concluding remarks
In this paper, we first establish the explicit expressions for the Kirchhoff index, multiplicative degree-Kirchhoff index and number of spanning trees of G n , where G n = P 2 C n and n 3. We find that the Kirchhoff (resp. multiplicative degree-Kirchhoff) index is almost one-sixth of its Wiener (resp. Gutman) index. Later, we construct a family of graphs obtained from G n by deleting any r vertical edges of G n , and show that the Kirchhoff indices of these graphs are almost one-sixth of their Gutman indices. It would be interesting to determine their multiplicative degree-Kirchhoff indices and Gutman indices. We will do it in the near future.
Motivated by the construction P 2 P n in [28] and P 2 C n in this paper, we propose the following question for further study:
Question 5.1. For a simple connected graph G, how can we determine the Laplacian spectrum and normalized Laplacian specteum of the graph P 2 G?
